An efficient and accurate method for computing the equilibrium reduced density matrix is presented for treating open quantum systems characterized by the system-bath model. The method employs the multilayer multiconfiguration time-dependent Hartree theory for imaginary time propagation and an importance sampling procedure for calculating the quantum mechanical trace. The method is applied to the spin-boson Hamiltonian, which leads to accurate results in agreement with those produced by the multi-electronic-state path integral molecular dynamics method.
I. INTRODUCTION
A challenging issue in theoretical chemistry is the accurate description of many-body quantum effects for complex systems. Some methods are "numerically exact" in principle, e.g., approaches that solve Schrödinger equations or quantum Liouville equations, or approaches employing Feynman path integral formalism. However, not all these methods give reliable results in practice. The primary difficulty is the rapid growth of the size of the Hilbert space (or Liouville space) as the number of degrees of freedom increases, which renders a brute-force approach (complete quadrature or full configuration-interaction) impractical. One thus needs to seek some smart algorithms to efficiently explore the relevant subspace in which the solution, though approximate, essentially converges to the true result. If a method fails to find (all or part of) such subspace, it will not give correct results even if this algorithm is based on an exact principle. Therefore, the development and testing of reliable numerically exact methods is essential to obtaining truly accurate results.
The class of problems we would like to investigate in this work is represented by the system-bath type of Hamiltonian, e.g. many models in condensed phase physics and chemistry for describing open quantum systems. Techniques developed to solve this class of problems include, but are not limited to, the numerical path integral approach [1] [2] [3] [4] [5] , the numerical renormalization group method [6] [7] [8] , the hierarchical equation of motion method [9] [10] [11] [12] [13] [14] , and the multilayer multiconfiguration time-dependent Hartree (ML-MCTDH) theory [15] [16] [17] . Different from approximate approaches such as quantum perturbation theories or semiclassical methods, numerically accurate simulations on these model systems serve the same role as experiments, which is often the first step in developing a reliable, general theory for describing the underlying physical processes.
In a system-bath model, the latter represents the environment that influences the dynamics or thermodynamics of the former. Within linear response approximation the environment can often be modeled by a harmonic bath that is coupled linearly to the system [18, 19] . This makes it possible to integrate out the bath completely and concentrate only on the system dynamics. The price paid for this reduction is that the influence functionals or relevant kernels are nonlocal in time, which makes the study prohibitively expensive when the system becomes large. A complementary strategy is to represent the bath by discrete degrees of freedom, i.e., the same way as in a discrete numerical quadrature. One converges the dynamics/thermodynamics for this finite system-bath composite system by increasing the number of bath modes. The ML-MCTDH theory [15] [16] [17] employed in this work adopts such a strategy. As an added bonus, methods that belong to this group are often applicable to treating anharmonic baths and other types of potential energy functions. The practicality of the ML-MCTDH method lies on its efficient exploration of the Hilbert subspace, which is achieved by using a flexible tensor contraction scheme (vide infra).
The purpose of this paper is to present our implementation of the ML-MCTDH theory to evaluate equilibrium reduced density matrix (ERDM) for the systembath model and compare the results to those obtained by the multi-electronic-state path integral molecular dynamics (MES-PIMD) approach [20] . The ML-MCTDH work is a generalization of the previous work on calculating energy eigenstates and other thermodynamic quantities [21] [22] [23] [24] [25] . In Section II we will summarize the ML-MCTDH theory, followed by a discussion on practical calculations of ERDM in Section III. Then we will provide in Section IV a brief introduction to the recently developed MES-PIMD approach [20] . In Section V we will present examples on the spin-boson model. Finally, we conclude with an outlook to future extensions.
II. VARIATIONAL APPROACH TO QUANTUM DYNAMICS: FROM CONVENTIONAL METHOD TO ML-MCTDH

A. Conventional approach using static configurations
The numerical solution of the time-dependent Schrödinger equation using basis sets can be achieved by employing Dirac-Frenkel variational principle [26] (in this paper we use atomic units in which =1)
In conventional methods the wave function is expressed as a linear combination of time-independent configurations
where J is a multi-dimensional index that runs through all the combinations of basis functions ϕ (ν) over ν=1, 2, ..., f -degrees of freedom. If for each degree of freedom ν the basis functions ϕ (ν) n 's are orthonormal, the equations of motion are obtained upon substitution of Eq.(2.1)
In this brute-force, full configuration interaction (CI) approach, the number of expansion terms grows exponentially with respect to the number of degrees of freedom.
The limitation of the simple expansion scheme in Eq.(2.2) is due to its unbiased exploration of the entire Hilbert space, which can be demonstrated by considering a special case where f degrees of freedom are completely separable. In this case the solution of the time-dependent Schrödinger equation is given by a direct or Hartree product, |Ψ(t)⟩= ∏ f ν=1 |φ (ν) (t)⟩. However, even for this uncorrelated case, the expansion in Eq.(2.2) still requires exponentially many terms, suggesting that most parameters are redundant. That is, the fact that tensor A with n f terms in the full CI expansion can be contracted to n×f terms is completely ignored in Eq.(2.2).
Thus, it is natural to consider a more flexible approach to describing the dynamics in a reduced, but nonetheless numerically converged, parameter space. One may start from the single Hartree description for the completely uncorrelated dynamics above and gradually build in more time-dependent configurations as correlation becomes stronger. This is the multiconfiguration time-dependent Hartree (MCTDH) approach proposed by Meyer, Manthe, and Cederbaum [27] [28] [29] [30] .
B. The multiconfiguration time-dependent Hartree method
Within the MCTDH method the wave function has the form [27] [28] [29] [30] 
where the summation is over all combinations of the single particle functions (SPFs) |φ
This tensor decomposition is usually called the Tucker form [31] or N-way singular value decomposition (SVD) in mathematics, which finds a wide range of applications [32] apart from MCTDH. One may impose the orthogonality condition (2.5) via the standard gauge condition
Variations then lead to two sets of coupled MCTDH equations of motion [27] [28] [29] [30] 
and P (κ) (t) is the single particle space projector for the κth single particle group,
In the expressions above, the single hole function |Ψ n (t)⟩ for the κth single particle group is defined as
...
The expansion in the MCTDH approach, Eq.(2.4), resembles the full CI expression in Eq.(2.2), i.e., the total number of time-dependent configurations still scales exponentially versus the total number of single particle groups p. However the MCTDH method is applicable to more complex systems for two reasons: (i) the base of the exponential in the MCTDH approach, i.e. the number of physically important SPFs, is usually much smaller than the number of time-independent basis functions in the conventional approach; and (ii) each single particle group may contain several physical degrees of freedom so that the number of the single particle groups (p) is usually much less than the number of physical degrees of freedom (f ). The method recovers the single Hartree limit naturally for separable systems and systematically requires more configurations as correlation effects become more important.
The main limitation of the MCTDH approach outlined above lies in its way of constructing the SPFs, which is based on another full CI expansion employing the static Hartree products in the single particle sub-
The ML-MCTDH theory [15] successfully circumvents this bottleneck by using a hierarchical, dynamic contraction of the basis functions that constitute the original SPFs. This gives a flexible representation of the overall wave function and significantly increases the number of degrees that can be treated.
C. Multilayer multiconfiguration time-dependent Hartree theory
To begin with, the SPFs |φ
For notation purpose we refer to the single particles introduced in the previous MCTDH section as the level one (L1), which in turn contains several level two (L2) single particles. An L1-SPF |φ 
for which Dirac-Frenkel variational principle can be split into
The first two parts give equations that are in the same 
Here, the symbolic notation on the left hand side of Eq.(2.15b) means that the time derivative of the L1-SPFs is only taken with respect to the L2 expansion coefficients B κ,n I and does not act on the L2 config-
, and the L1-SPFs |φ (κ) (t)⟩, all depend on the L2-SPFs |v (κ,q) iq (t)⟩. These quantities need to be built explicitly from the bottom layer SPFs and basis functions.
Variation with respect to the L2-SPFs leads to an expression similar to Eq.(2.15b)
..} T denotes the symbolic column vector of (the coefficients of) the L2-SPFs andP
jection operator in the L2-SP space. The second layer reduced density matrix and mean-field operator are given with the aid of the second layer hole functions defined by
and the first layer reduced density matrix and meanfield operator in Eq.(2.8). The expressions are
The two-layer ML-MCTDH, Eqs. (2.15a), (2.15b), and (2.16), can be recursively generalized to include an arbitrary number of layers by expanding the overall wave function via a hierarchical tensor contraction
... and the equations of motion can be derived by the same way as above for the two layer case using mathematical induction and they all have the same form [15] [16] [17] . The multilayer hierarchy is terminated at a particular level by expanding the SPFs in the deepest layer in terms of time-independent configurations. The introduction of the recursive, dynamically optimized layering scheme in the ML-MCTDH wave function provides a great deal of flexibility in the trial wave function, which results in a tremendous gain in one's ability to study large many-body quantum systems. This is demonstrated by many applications on simulating quantum dynamics of ultrafast electron transfer reactions in condensed phases [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . The ML-MCTDH work of Manthe has introduced an even more adaptive formulation based on a layered correlation discrete variable representation [21, 50] . The form of the ML-MCTDH wave function in Eq.(2.19) has also received much attention recently in applied mathematics [51] .
III. CALCULATING EQUILIBRIUM REDUCED DENSITY MATRIX FOR THE SYSTEM-BATH MODEL USING ML-MCTDH
The applicability of ML-MCTDH theory is not limited to real time quantum dynamics. By a trivial extension to imaginary time τ =−it, ML-MCTDH can be used to evaluate the Boltzmann operator [35] , thermal rate constant [52, 53] , or eigenstates of the Hamiltonian [25] . Here we describe a procedure for calculating equilibrium reduced density matrix (ERDM) for the systembath model. Starting from the generic Hamiltonian
where H S is the Hamiltonian for the system, H B for the bath, and H SB for the system-bath coupling. ERDMρ 
Once ERDM is obtained, other relevant quantities can also be derived. For example, the system partition function
with the total partition function
the system internal energy
with the internal energies
It should be emphasized that as long as the interaction between the system and the bath does not vanish, it is not possible to separate the "system" unambiguously from the "bath" thermodynamically. The above definition is a subjective classification that is often used in qualitative analysis. Practical evaluation of ERDM and other properties employs ML-MCTDH for the imaginary time propagation and an importance sampling procedure for Eq.(3.2). To do so we first introduce a zeroth-order Hamiltonian H 0 that can be diagonalized either analytically or numerically 
where we have defined the partition function
The quantum mechanical trace in Eq.(3.2) is obtained from importance sampling according to the weighting function e −βEα /Z 0 which is defined by a zeroth-order Hamiltonian H 0 . The choice of H 0 is flexible as long as it is not too far away from H and can be diagonalized. For the system-bath Hamiltonian, an often good choice is H 0 =H S +H B . Sometimes it is also useful to define H 0 in a more localized region to enhance the importance sampling [52] . Once the initial state |χ α ⟩ is selected, it is propagated in the imaginary time via ML-MCTDH to give e −β(Ĥ−Eα)/2 |n⟩. The final ERDM is calculated according to Eq.(3.9).
IV. MULTI-ELECTRONIC-STATE PATH INTEGRAL MOLECULAR DYNAMICS
The recently developed multi-electronic-state path integral molecular dynamics (MES-PIMD) approach [20] in principle offers a practical tool in either of the diabatic or adiabatic representations for studying exact quantum statistics of general MES systems when the Born-Oppenheimer approximation, Condon approximation, and harmonic bath approximation break down. The MES-PIMD approach employs a unified efficient thermostat scheme (the "middle" scheme) for PIMD (or MD) which applies to either stochastic or deterministic thermostats [53] [54] [55] [56] [57] .
A. Imaginary time path integral formulation for multi-electronic-state systems
Consider a Hamiltonian with N electronic states in the diabatic representationĤ=T +V, whereV=V(R) is the N ×N symmetric potential energy matrix as a function of the nuclear coordinate R andT the (diagonal) kinetic energy matrix. The canonical partition function is Inserting the resolution of the identity into Eq.(4.1) yields
Eq.(4.5) then becomes
where O(R i ) depends on the splitting scheme used for expressing the element ⟨R i , n i |e −βĤ/P |R i+1 , n i+1 ⟩ in Eq.(4.5). We have proposed three splitting schemes, namely the "diagonalization", "first-order expansion", and "hyperbolic function" methods, the details of which are described in Ref. [20] .
Because Tr e
] is often not positive-definite for general MES systems, regardless of which splitting scheme is employed. It is then not numerically favorable to use either
or its absolute value to define an effective (real-valued) potential function ϕ(R 1 , · · · , R P ) for performing PIMD. A reasonable way to define the effective potential [20] is
because the right-hand side (RHS) of Eq.(4.7) is always positive-definite. Here V diag (R) is a diagonal matrix, the diagonal elements of which are the same as those of the potential energy matrix V(R). The partition function (Eq.(4.6)) may then be evaluated by
with the estimator for the partition functioñ
and
Any physical property in Eq.(4.2) can be expressed as
as the estimator for operator B in the diabatic representatioñ
For instance, the estimator for the potential energy isB
and that for the electronic state density matrix element in the diabatic representation ρ with |i⟩ and |j⟩ as the i-th and j-th electronically diabatic states in the representation for the Hamiltonian H.
B. Multi-electronic-state path integral molecular dynamics
One may employ the MD or Monte Carlo scheme to perform the integrals in Eq.(4.11). Inserting fictitious momenta (p 1 , · · · , p P ) into each integral of Eq.(4.11) produces
where the effective Hamiltonian for Eq.(4.16) is
with the fictitious massesM j . It is trivial to verify that Eq.(4.16) is identical to Eq.(4.11) by performing the Gaussian integral over the fictitious momenta (p 1 , · · · , p P ) in the former. Thus the MES-PIMD equations of motion are given bẏ
Note that Eq.(4.18) must be coupled to a thermostating method to ensure a proper canonical distribution. For many thermostats, the integration in one time step ∆t can be split into three parts [20, [53] [54] [55] [56] [57] , the steps for updating coordinates, momenta, and thermostat, denoted as "R", "p", and "T", respectively. In this case the "equations of motion" may be expressed as [ dR dp
For convenience we denote R≡(R 1 , · · · , R P ) and
A useful approach is to employ the forward Kolmogorov equation to express the evolution of the density distribution in the phase space [20, [53] [54] [55] [56] [57] ] P(R, p).
The relevant Kolmogorov operators for the 1st and 2nd terms of the RHS are
respectively. The definition of L T depends on the specific thermostat. The phase space propagators for a time interval ∆t for the three parts are e LR∆t , e Lp∆t , and e LT∆t , respectively. The propagation in each time step with the velocity Verlet (VV) algorithm in the "middle" scheme [20, [53] [54] [55] [56] [57] 
∂R ∆t 2 where thermostat step represents the thermostat process for a time interval ∆t, which is determined according to the stochastic or deterministic thermostat method of choice [20, [53] [54] [55] [56] [57] .
Note that PIMD with the "middle" thermostat scheme is often more efficiently performed by employing the staging transformation of path integral beads [20, 53, 55] or the normal-mode transformation [59] .
In the present paper we use the MES-PIMD approach [20] in the way that takes no advantage of the specific form of the system-bath model. It should be stressed that one could design a much more efficient method for performing MES-PIMD when the Condon approximation and harmonic-bath approximation are valid. 
V. NUMERICAL EXAMPLE: THE SPIN-BOSON MODEL
A. Model
We consider practical application of our method to the spin-boson model that has been widely used in the context of electron transfer theory [60, 61] . This is a relatively simple system-bath type Hamiltonian where the system comprises only two electronic states (|ϕ 1 ⟩ and |ϕ 2 ⟩) that are linearly coupled to a bath of harmonic oscillators. Using mass-weighted coordinates the Hamiltonian reads
where σ x and σ z are Pauli matrices
The properties of the bath that influence the dynamics of the two-state subsystem are specified by the spectral density function [60, 61] 
Different forms of J(ω) provide different models of the phonon bath. In the examples below we use two forms: an Ohmic (linear) spectral density with an exponential cutoff
and an Ohmic spectral density with a Lorentzian cutoff
where η is the dimensionless system-bath coupling strength and ω c is the cutoff frequency of the bath. The continuous bath spectral density of Eq.(5.4) can be discretized to the form of Eq.(5.3) via the relation [15, 62] 
in which the density of frequencies ρ(ω) is defined from the integral relation
In this work, ρ(ω) is chosen as with Eq.(5.6a) enforced to obtain the scaling factor s. To model the condensed phase environment in the ERDM simulation, the number of bath modes N in the discretization is a convergence parameter and needs to be sufficiently large to represent the continuum for the property of interest. In this work N has been chosen in the range of a few tens to a few hundred. This number is somewhat smaller than a normal quantum dynamics simulation on a similar spin-boson model, suggesting ERDM is easier to converge than the real time quantum dynamics.
B. Results
We first consider a model for an Ohmic spectral density with an exponential cutoff, Eq.(5.4a). The pa-rameters are given as: ϵ=∆=60 cm −1 in Hamiltonian (Eq. (5.1)) , ω c =100 cm −1 and η=0.3 in spectral density (Eq. (5.4a) ). FIG. 1 shows all the elements of ERDM over the temperature range 20−300 K. Despite using completely different numerical strategies, ML-MCTDH and MES-PIMD produce results in agreement over the entire temperature range, for both diagonal and offdiagonal elements of ERDM. This is encouraging because both methods are seen to be capable of capturing the high temperature (classical) and low temperature (quantum) limits. It also provides benchmark results to test other methodologies. As mentioned in the introduction, a method that is accurate in principle may not be so in practice. The comparison here offers a reliable and unbiased test for both methods.
The example above is in the relatively weak coupling regime where both methods are easy to converge. For ML-MCTDH simulations only two layers are needed, with a few thousand configurations per layer to obtain accurate results. For MES-PIMD calculations the number of beads ranges from 32 at 300 K to 256 at 20 K, which also has moderate computational cost. The error bar for each method is smaller than the size of the symbols in FIG. 1 .
Next we consider a model with the spectral density function (Eq.(5.4b)). A symmetric two-level system is studied here, ϵ=0. The parameters and physical variables are scaled with respect to the tunneling splitting of the bare two-level system 2∆, i. and that in Eq.(5.1) share the same thermodynamic properties of the total system such as the internal energy.
The results of ERDM agree between ML-MCTDH and MES-PIMD simulations. In addition, we consider a different property, the internal energy of the system as defined in Eq.(3.6). As shown in FIG. 2 , the results from the two methods again agree well with each other. Since this example has a stronger coupling strength as well as a quantity (internal energy) more difficult to converge, both methods require more computational effort. ML-MCTDH requires 2−3 layers, with ∼10 5 configurations for the top layer; whereas MES-PIMD requires 128 beads (β=0.5) to 2048 beads (β=5). We note that both methods employ different sets of convergence parameters. The estimate of errors is about a few percent within each method's self check. This confirms again the reliability of both methods. 
VI. CONCLUDING REMARKS
The ML-MCTDH and the MES-PIMD methods were both derived from exact principles. Both have been applied in other contexts and verified many times against available benchmark results. In this paper, we extended the methods and presented our implementations for computing reduced density matrices of system-bath models at equilibrium. We tested our approaches on the spin-boson model with two different spectral densities. Excellent agreement is achieved between the two methods. We have also found agreement between our methods for other parameter regimes. All this demonstrates the reliability of the two methods.
One advantage of both methods is that they are not restricted to treating a harmonic bath. It would be interesting to extend our implementation to treat anharmonic potential functions. This will provide a useful way to go beyond linear response model and investigate new physics and chemistry therein.
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